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INTRODUCTION 
One of the strengths of R. Brauer’s theory of p-blocks is the connection 
between the characters and subgroups of a group given by the notion 
of defect groups. If one attempts to generalize these ideas to rr-blocks 
of arbitrary finite groups, one is forced to compromise by such things 
as the fact that not all groups have Hall rc-subgroups. Nonetheless, 
R. Staszewski [ 10, 111 has done some work on defining n-defect groups in 
general. We will show in this paper that by restricting our attention to 
n-separable groups, we can nicely extend defect groups to n-blocks. A key 
result in our work relates the defect group of a n-block to the nuclei of 
characters in the block (the nucleus of a character [6] is discussed briefly 
in Section 1). 
THEOREM. Let G be a z-separable group and let x E Irr(G) be contained 
in the n-block B. Suppose that ( W, y) is a nucleus for x and let PE Hall,(W). 
Then P is contained in some defect group of B. 
This result, which is of interest in itself, permits us to prove n-block 
versions of several important p-block results. 
We will also define a version of block induction for rc-blocks of 
n-separable groups. While this is not as general as we would like, it will 
permit us to prove versions of Brauer’s three main theorems. For instance, 
we obtain 
THEOREM. Let G be a x-separable group and let D be a rc-subgroup of G. 
Suppose that the Hall n-subgroups of G are nilpotent. Then the map b + bG 
gives a bijection from 
{b E Blk,(N,(D)) 1 b has defect group D} 
236 
0021-8693189 $3.00 
Copyright 0 1989 by Academic Press. Inc. 
All rights of reproduction in any form reserved. 
PI-BLOCKSOF PI-SEPARABLEGROUPS 231 
{BE Blk,(G) 1 B has defect group D}. 
Interestingly, the nilpotent hypothesis is found to be required (see 
Theorem 3.10) and we see that Brauer’s first main theorem rests on the fact 
that p-groups are nilpotent! 
1. BACKGROUND 
We will assume that the reader is familiar with the results and notations 
of [9] which we will henceforth refer to as [I]. As in [I], rc denotes a fixed 
set of rational primes and G is a n-separable finite group unless otherwise 
stated. 
(1.1) THEOREM [3]. Ifx~Irr(G) is n-special and p~Hall,(G), then x,,, 
is irreducible. 1 
For x~Irr(G), Isaacs [6] constructs a particular pair (W, y) where 
Ws G and y E Irr( W) such that y factors into the product of a n-special 
character and a n’-special character and yG = x. This pair is determined up 
to G-conjugacy by x and is called a nucleus of x. We note the following 
property. 
(1.2) LEMMA. Let XE Irr(G) and suppose that Saa G and d~Irr(S) 
such that 4 is a constituent of xs and 4 factors into a z-special character 
times a 7r’-special character. Then for some nucleus (W, y) of x, we have 
SC W and 4 is a constituent of ys. 
Proof This is immediate from the construction of the nucleus in 
C61. I 
Our definition of block induction will be based on the Glauberman- 
Isaacs-Wolf character correspondence [12]. We will need the following 
two results. 
(1.3) THEOREM. Let U and A be groups such that (I UI, IA]) = 1 and A 
acts on U via uutomorphisms. Then there is a uniquely defined map 
7r( U, A): Irr,( U) -+ Irr(C), 
where Irr,(U) denotes the A-invariant elements of Irr(U) and C= C,(A) 
satisfying : 
(a) x( U, A) is one-to-one and onto; 
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(b) If A is a p-group and XE Irr,(U), then xx( U, A) is the unique 
cr~Irr(C) such that [x,-, a] is not diuisibble by p; 
(c) Zf B -=I A and D = C,(B), then 
n( U, A ) = TC( U, B) n( D, A/B) ; 
and 
(d) If 1 UJ is odd, x E Irr,(), and H is an A-invariant subgroup of A 
with [U, A]‘C s H, then xH has a unique constituent /I E Irr,(H) such that 
[xH, p] is odd and 
Proof: See Corollary 5.2 of [12]. [ 
We wish to note two consequences of this theorem. First, if x~Irr~(U) 
then xrr( U, A) is a constituent of xc. In particular 1 urc( U, A) = 1 c. Second, 
in part (c), if D = C,(B) = C,(A) = C, then we have 
x(U, A)=z(U, B). 
We also need information about normal subgroups in the group being 
acted on. 
(1.4) LEMMA. Suppose A acts on U via automorphisms and Vd U 
admits A. Let C= C,(A) and suppose that x E Irr,( U) and t3E Irr,( V) 
with E = x7t(U, A) and 6 =0x( V, A). Then [xy, e] #O if and only if 
Cc vnc> 61 +o. 
Proof: See Lemma 5.3 of [12]. 1 
2. DEFECT GROUPS 
Within the theory of p-blocks, the notion of defect groups is very impor- 
tant. In particular, Brauer’s first main theorem involves defect groups in the 
statement and if we wish to generalize this theorem to n-blocks, then we 
need to define defect groups for n-blocks. Toward this end we consider 
defect groups of p-blocks in p-separable groups. The following fact is 
contained in [2] although it is not explicitly stated there. 
(2.1) THEOREM. Let G be p-separable. Let B be a p-block of G and 
N = 0,. (G). Choose I$ E Irr( N) which lies under B and let T = Zo( 4). Zf T = G 
then any Sylow p-subgroup of G is a defect group for B. If T < G let 
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Bc,B’EBlk,(T)f or some B’. Then any defect group of B’ is a defect group 
for B. u 
Guided by this theorem, we have 
(2.2) DEFINITION. Let B be a z-block of G. We inductively define the 
set of defect groups of B as follows: 
Choose 4 an irreducible character of N= O,.(G) which lies under B and 
let T = Z&d). 
If T= G then the defect groups of B are precisely the Hall z-subgroups 
of G. 
If T< G then by [I, 2.101 we have B’EB~~,(T) with B’ jo, B. Define the 
defect groups of B to be the G-conjugates of any defect group of B’. Since 
q5 is determined by B up to G-conjugacy, this definition does not depend on 
the choice of 4. 
Note that the defect groups of a block always form a single G-conjugacy 
class. Also Theorem 2.1 implies that this definition agrees with the usual 
notion of p-defect groups when n = ( p}. 
We note the following relationship between normal z-subgroups of G 
and defect groups for later use. 
(2.3) LEMMA. Let D be a defect group for some BE Blk,(G). Then 
O,(G) c_ D. 
Proof. Let N = O,.(G) and choose 4 E Irr(N) under B. If 4 is 
G-invariant, then DEH~II,(G) and so O,(G) s D. Otherwise let 
T= 1,(d) < G and B’ E Blk,( T) such that B’ -P# B. Since O,(G) centralizes 
N, we have O,(G) z T. Thus if D’ is a defect group for B’, then 
O,(G) G O,(T) c_ D’ 
by induction. Since D is G-conjugate to D’, we are done. m 
(2.4) DEFINITION. If x~Irr(G), we define the n-defect ofx to be 
Note that if Hc G and 0 E Irr(H) such that BG is irreducible, then 
d( 0) = d(OG). 
The next result shows that the order of the defect groups of a block 
depends on the character degrees in the usual way. 
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(2.5) THEOREM. Let B be a z-block of G and D a defect group for B. 
Then (D( is the least common multiple of {d(X) 1 x E B}. 
Proof: Let N = O,,(G) and choose 4 E Irr(N) under B. 
Now if 4 is invariant in G, then B= Irr(G 14) and DE Hall,(G). By 
[I, 2.71 there exists 0 E Irr(G I c$) which is n’-special and 
IG(, 4e)=e(1),= ICI,. 
Since d(X) divides (GI, for every x E B, we have 
l.c.m.(d(X)IXE B} = (GI,= IDI. 
On the other hand, suppose T= Z,(4) < G and let B’= Blk,(T) with 
B’ -+) B. We may assume that D is a defect group of B’ (possibly after 
conjugation by some element of G). By induction on (GI, we have 
IDI =l.c.m.{d($)I+~B’} 
=l.c.m.{d($G)($EB’) 
=l.c.m.(d(X)(XE B}. 1 
Next we will look at the behavior of defect groups when characters 
induce irreducibly. 
(2.6) LEMMA. Let N= O,.(G) and BE Blk,(G). Choose 1 E B and 4 an 
irreducible constituent of x,,,. Zf 4 is invariant under some Hall n-subgroup of 
G, then B is a block of maximal defect (i.e., the defect groups for B are Hall 
n-subgroups of G). 
Proof: By [I, 2.81 B = Irr(G 14) so we need to prove that there is some 
character in Irr(GI 4) with I? degree. Since z’-special characters have 71’ 
degree, this is just [I, 2.71. 1 
Notation. If B is a z-block we will write 6(B) to denote some fixed 
defect group of B. Also, as usual, Jc, K and J=, K denote that J is 
contained in K and J equals K, each up to conjugacy in G. 
(2.7) THEOREM. Let HE G be a subgroup with 19 EIrr(H). Suppose 
BG= x E Ii-r(G). Write b for the rc-block of H containing 8 and B for the 
z-block of G containing x. Then any defect group of b is contained in a defect 
group of B. 
Proof: First note that if B is a block of maximal defect then 
6(B) E Hall,(G) and the conclusion is immediate. 
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If the theorem is not true, let G, H, and f3 be a counterexample which is 
minimal in the following sense: First choose IGI as small as possible, then 
minimize ) G : O,,(G) n HI, and finally make (G : HI as small as possible 
subject to the other two restrictions. 
Step 1. H is a maximal subgroup of G. 
Proof: Clearly we must have H < G. If H is not maximal, then choose 
a subgroup M with H-c MC G. Now 8 M is irreducible and lies in some 
n-block b’ of M. Since IMI < [Cl, minimality implies 6(b)s, 6(b’). 
Furthermore (tP)’ = x, 
IG: O,.(G) n MI < IG: O,.(G) n HI, 
and 
(G : M( < IG : HI. 
Therefore minimality gives us 6(b’) sG 6(B) and so 
6(b) c,,, 6(b’) tc 6(B). 
But this contradicts the fact that G is a counterexample, hence H is 
maximal. 
Step 2. Let N= O,,(G). Then HN = G. 
Proof: Suppose HN < G. Then N c H since H is maximal by Step 1. 
Choose 4 E Irr(N) with q5 E 13, and note 4 E xN. Let T= I,(b). If T= G 
then B is a block of maximal defect by Lemma 2.6 and the theorem 
is true contrary to our choice of G. This we must have T-c G. Let 
J= T n H = ZH(q5). Since N is a normal rr’-subgroup of H we have a block 
6’ of J with 6’ -+) 6. 
Now if b E b’, then p” is irreducible and since IHI < ICI, minimality 
implies that 6(b’)s,d(b). For any /IE b’ we have 
4B) = 4m 
where d(x) is as in Definition 2.4. In particular, 
IS(b’)I = l.c.m.{d(P) 1 fi E b’} 
= 1.c.m. {d(/V’) ( fi E b’ } 
=l.c.m.{d(l;)liEb} 
= I&b)1 
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6(b’) =H 6(b). 
We can choose /? E b’ with 8” = 8 in which case /I” = 2 and so p’ is 
irreducible. Also ITI < IGJ, hence 
d(b') zT G(block containing p’). 
But a defect group for the block containing B’ is a defect group for B by 
definition since (/I’)” = x. Thus 
6(b) =H d(b’) cc d(B) 
which is a contradiction and proves step 2. 
Now let U = Hn N= O,.(H), where this last equality relies on HN= G. 
Choose [ an irreducible constituent of 8, and let S = ZH([). 
Step 3. SN = G. 
SCHEME 1 
ProoJ (See Scheme 1.) Suppose SN < G. Since S = Z,(i), we have 
q E Irr(S( [) with qH = 8 which gives qG = x and so $“’ is irreducible. Let 6’ 
be the n-block containing q and B’ be the rc-block containing qSN. Since 
JSNI < /Cl, minimality of G implies that d(b’) ss,,, 6(B’). At the same time, 
rl SN induces irreducibly to G and 
IG: O,.(G) n SNI < (G: O,,(G) n HI. 
Therefore 6( B’) zG 6(B). Combining these, we see 
6(b’) &G 6(B). 
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However, by the definition of defect groups, 6(K) is H-conjugate to 6(b), 
and so 
contradicting our choice. Thus SN = G and hence S = H. 
Step 4. Final contradiction. 
Proof Since [ is invariant in S = H, 8, = a[. Since N u G and NH = G, 
with t = \G : Z,Jd)J. Hence, 
where f = e/a. Since [“( 1) is rc’, t is also rr’ and so q5 is invariant in a 
Hall n-subgroup of G. Since q3 G xN, Lemma 2.6 tells is that B is a block of 
maximal defect, but as we have noted, this is contrary to our choice 
of G. 1 
The first use of this theorem will be to strengthen [I, 2.101 to include 
information about defect groups. 
(2.8) COROLLARY. Let N 4 G be a n’mbgroup and suppose q5~ Irr(N) 
and T=I,($). Zf BEBlk,(G) lies ouer c$, then as in [1,2.10], Bc, B’E 
Blk,(T). In this case any defect group of B’ is a defect group of B. 
Proof: If 0 E B’ then 8’ is irreducible and lies in B. By the theorem, 
6( B’) cc 6(B). However, 
IS( =l.c.m.{d(0)18~B’) 
=l.c.m.{d(f?G))~~B’) 
=l.c.m.{d(~)[~~B) 
= I&B)1 
and so we have c?(B’)~=~(B) for some gEG. But then ~(B’)=c?(B)~-’ 
which is a defect group for B. 1 
In Isaac& development of the B, characters [6], he defines a nucleus of 
an irreducible character x to be a certain subgroup-character pair 
481/124/l-16 
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associated with x. If we focus on the Hall rc-subgroups of the nuclei of x, 
we find a single G-conjugacy class of rc-subgroups associated with the 
character x. These subgroups (which are related to vertices when n = {p}) 
seem to provide a link between the irreducible characters and the z-blocks 
as shown below. In particular, we will now work toward proving that the 
Hall rc-subgroups of a nucleus of an irreducible character are contained in 
defect groups for the corresponding n-block (Theorem 2.11). 
Note that the principal rc-block of G is just the block containing the 
principal character. By [I, 2.91 one sees that this is just the set of 
irreducible characters of G/O,,(G) considered as characters of G. 
(2.9) LEMMA. Suppose that x E Irr(G) can be written x = ~4 where 
~1, p E Irr(G) and a( 1) is I? and /I lies in the principal x-block of G. Then x 
and c( are contained in the same n-block of G. 
Proof Let N = O,,(G). Since /? is in the principal block, Nc ker(p) and 
so xN and CI,,, have the same irreducible constituents. Let 4 be one of these 
constituents and T = Z,(d). Then we have y E Irr( TI 4) with yG = CC Since 
y( 1) IG : TI = a( 1) is rr’, we see that IG : TI is rc’. But this implies that a Hall 
rc-subgroup of G leaves q5 invariant and so by [I, 2.81, Irr(GI 4) is a single 
rc-block which contains x and a. 1 
(2.10) LEMMA. Zf x E Irr(G) factors into a n-special character times a 
&-special character, then x lies in a n-block of maximal defect. 
Proof Write x = LX/? with a n’-special and p n-special. If N = O,.(G) 
then the constituents of /I,,, are all n-special and so must be 1,. In 
particular this says /I is in the principal block and so by the lemma, x and 
CI lie in the same block. But Theorem 2.5 implies that any character of n’ 
degree lies in a block of maximal defect. 1 
We now easily get the following theorem. 
(2.11) THEOREM. Let x E Irr(G) be contained in the 7c-block B. Suppose 
that ( W, y) is a nucleus for x and let PE Hall,(W). Then P is contained in 
some defect group of B. 
Proof By the definition of nucleus, y factors into a rc-special character 
times a rc’-special character and so by Lemma 2.10, y lies in some rc-block 
b of W which has maximal defect. Therefore P is a defect group of 6. On 
the other hand, yG= x and so Theorem 2.7 implies 6(b) sc 6(B). Thus 
Pc,o(B). 1 
As an application of this theorem, we provide a new proof (in the 
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p-solvable case) of the following well-known result from p-block theory as 
well as extending it to z-blocks. 
(2.12) THEOREM. Let x E BE Blk,(G) and let P be a defect group for B. 
If y E G where y, is not conjugate to any element of P, then x(y) = 0. 
Proof. Let ( W, y) be a nucleus for x, and SE Hall,( W). By 
Theorem 2.11, we may assume SEP. Now if w E W then w, is conjugate 
to some element of S. In particular, if YE G has y, not conjugate to 
any element of P, then y is not conjugate to any element of W. But x is 
induced from W and so this last fact along with the definition of character 
induction tells us that x(y) = 0. 1 
To see another application of Theorem 2.11, we will close this section 
with a series of results related to Brauer’s height conjecture. We begin by 
defining a “multiplicative” height function. 
(2.13) DEFINITION. Let BE Blk,(G) with D =6(B). For x E B, define 
h(x)= 
x(lLlDl 
,G,, . 
For historial reasons we say x is height zero in B if h(X) = 1. 
(2.14) LEMMA. Let Na G be a n’-subgroup and suppose 4 E Irr(N) and 
T = ZG(b). If BE Blk,(G) fies ouer 4 and B’ E Blk,( T) with B’ -‘( B, then 
character induction from B’ to B is a height-preserving bijection. 
ProoJ Let II/ E B’ and D be a defect group for B’. By Corollary 2.8, D 
is a defect group for B and 
h(,p)=iG(l),iDi =WLlG: TInPI =h(ll/) 
IGI, ITI,lG: TI, . 
The fact that this map is a bijection was established earlier. 1 
It is interesting that the following theorem, which is trivial if x = {p}, 
holds true in general. 
(2.15) THEOREM. Every n-block of G contains a height 0 character. 
Proof. Let N= O,,(G) and choose q6 E Irr(N) under B. 
If 4 is invariant in G then [I, 2.71 gives a n’-special 0 E B. Since 0( 1) is 
a n’-number, 8 is height 0. 
If T= ZG(4) < G, then we are done by Lemma 2.14. 1 
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The next result is known for p-blocks but even in that case we provide 
a new proof by means of Theorem 2.11. 
(2.16) THEOREM. Let BEBlk,(G) with D=&B). Then h(X) divides 
(D : Z(D)/ for all XE B. 
Proof: Let N= O,,(G) and choose #eIrr(N) under B with T=I,(q5). 
By Lemma 2.14 we may assume T= G. Then by Lemma 2.6, 
DE Hall,(G). Let Z = Z(D), the center of D. Now by Theorem 2.11 there 
is some nucleus ( W, y) of x such that if P E Ha&( W) then P E D. In fact, 
we see P= WnD. 
Now we claim that U= O,.,(G) c W. To see this, note that any 
irreducible consituent 8 of xLI is in Irr(UI 4). But $ extends to U and so 
8 = #,u, where 4, the canonical extension, is n’-special and p E Irr( U/N) is 
n-special. Now Lemma 1.2 tells us that UE W. 
Next let overbar denote the quotient map from G to G/N. Then D is 
isomorphic to D and in particular, Z= Z(D). But DE Hall,(G), hence 
G,(G) CD, and so Z centralizes O,(G). Since O,,(G) = 1, Lemma 1.2.3 of 
[4] implies ZC O,(G). However, O,(G) = 0 by definition of U and 
0~ l?? Therefore Zc m and so 
ZsZNc WN= W. 
It follows that Z c Wn D = P. 
By the basic properties of the nucleus, y factors, say y = o$, where c( is 
n’-special and /3 is n-special. Now by Theorem 1.1, BP is irreducible and so 
,&I) divides IP : Z[. Since DE Hall,(G), we actually have h(X) = x(l), 
and so 
h(x)=x(lL=IG: Wl.~(l),=lG:Pl,P(l) 
which divides 
JG : PI,JP: ZI = IG: ZI,= ID : ZI. 
(2.17) COROLLARY. Let BE Blk,(G) with defect group D. If D is abelian, 
then every irreducible character in B is height 0. 1 
In fact, the converse of this statement is also true as was shown by Manz 
and Staszewski in [7]. Thus we have Brauer’s height conjecture for 
rc-blocks of n-separable groups. 
(2.18) THEOREM. Let BE Blk,(G) with defect group D. Then D is abelian 
if and only if each irreducible character in B is height 0. 
Proof: Corollary 2.17 and [7, Theorem 3.31. 1 
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3. BLOCK INDUCTION 
In this section, we present a notion of block induction for n-blocks. We 
show that this generalizes the Brauer correspondence in p-separable groups 
and then we proceed to prove Brauer’s first main theorem for n-blocks. 
Let H 2 G and suppose there is a rr-subgroup DE G such that 
DC,(D) c H s NJ D). Then we define a map 
i(H, G): Blk,(H) -+ Blk,(G) 
by induction on IGl as follows. (See Scheme 2.) 
Let N = O,(G) and b E Blk,( H). If we let C = H n N, then C = C,,,(D) as 
well. Choose CI E Irr(C) lying under b. Now D acts on N and (1 DI, JNJ ) = 1 
hence we have the character correspondence discussed in Section 1. In 
particular, there exists BE Irr,(N) with CI = prc(N, D). Let T= Z&,6). In 
order to make the induction work, we will in fact define bi(H, G) to lie 
over fl. 
If T = G then G has a single n-block B which lies over /I and we define 
B=bi(H, G). 
If T < G then we consider T n H. Since H normalizes D, it preserves the 
character correspondence and so T n H = ZH(~). Also b lies over c1 and so 
b+, b’EBlk,(Tn H) as in [I, 2.101. Now DC,(D)& Tn HsN,(D) and 
1 TI < IGI hence we have b’i( Tn H, T) defined by induction. Further- 
more, let U= O,.(T) and choose y E Irr(H n U) lying under b’. Since 
H n U = C,(D), we have 6 E Irr,( U) with y = &r( U, D) and b’i( T n H, T) 
lies over 6. However, y lies over M and so Lemma 1.4 implies that 6, hence 
b’i(Tn H, T), lies over /I. Again by [I, 2.101, b’i(Tn H, T) hB B for some 
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block B of G. We define B = bi(H, G) and note that B lies over /?. We need 
to show that this construction is independent of the choices made. 
First we consider the choice of a. Suppose that E is another irreducible 
character of C lying under b. Then d = aY for some y E H. 
Since y normalizes D, it respects the character correspondence and so 
$ = (8’) rc(N, D). If T= G then /3”=/? and so CI~=CL and there is not 
problem. Suppose therefore that T< G and we have b c, b’ E Blk,( Tn H) 
with b’i(Tn H, T) defined. In this case, basic properties of character 
induction show that b ccr, b’J’ E Blk,( TY n H) and (b/J’) i( TY n H, TY) is 
defined. In fact, by the naturality of the construction we have 
(6’.“) i(T-‘n H, TV)= [(b’) i(Tn H, T)]‘. 
However, (6’) i( Tn H, T) -‘B B for some block B of G and so 
(b”‘) i( T” n H, TY) +B BY = B as well. Therefore the definition of bi(H, G) 
is independent of the choice of CI. 
The other choice we need to consider is that of the x-subgroup D. Sup- 
pose we had two n-subgroups D,, D, & G with DiC,(Di) s Hc N&D,) for 
i= 1,2. Some thought about the construction above shows that we really 
need only check that rc(N, 0,) = rc(N, D2). Let D = D1 D, E H. Then 
C,(D) = C,dD,) n Cd&) 
=HnN 
= C,(Di) for i=l,2, 
and Dj 4 D. Thus by Theorem 1.3 we have 
n(N, 0,) = z(N, D) = n(N, D,). 
Thus we have i(H, G) well defined. 
We now wish to show that in the case of rr = { p}, this definition agrees 
with Brauer’s block induction. 
We will need the following result of Brauer. 
(3.1) LEMMA. Let G be an arbitrary finite group, H c G, b E Blk,(H), 
and BE Blk,(G). Suppose bG is defined and choose 6’ E b. Write 
where x E Irr( G). Then 
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and 
Note. The p-part of zero is infinite. 
Proof. See [ 1, p. 11193. 1 
It follows that if 6 E b E Blk,(H) and bG is defined, then some irreducible 
constituent of 0’ lies in b’. 
(3.2) THEOREM. Let G be p-separable and H 5 G. Suppose D is a p-sub- 
group of G with DC,(D) c H c N,(D) and b E Blk,(H). Then bi(H, G) = bG. 
ProojI Let N = O,.(G) and C = H n N. Choose a E Irr(C) lying under b 
and fl~Irr,(N) with c(= jn(N, D). 
Suppose that T = Z&I) < G. Then we have b ta b’ E Blk,( T n H) and so 
by the definition of i(H, G), we have (6’) i(Tn H, T) +B bi(H, G). Now 
since the characters of b’ induce irreducibly to those of 6, it follows that 
(b’)“= b and similarly (6’) i(Tn H, T) induces to bi(H, G). Furthermore, 
by induction on the order of G, the block b”= (b’) i(Tn H, T) and so we 
have 
bG = (b’H)G 
= (b’)’ 
= (b’T)G 
= [(b’) i(Tn H, T)]’ 
= bi( H, G). 
Thus we may assume that T= G and it suMices to show that bc lies over 
fi, since bi(H, G) = Irr(G I p). (See Scheme 3.) 
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First suppose that HN < G and let U = O,,(HN) and K = U n H. Choose 
6 E Irr(K) which lies under b and so a c 6, since TV is invariant in H. Then 
K= C,(D) and so we have EE Irr,(U) with 6 = sz(U, D) and bi(H, HN) 
lies over E. 
Now, by induction bHN= bi(H, HN) and by Lemma 1.4 E lies over /3. 
Therefore b”“’ lies over /X Let [E bHN. Then [ lies over /? and so every 
constituent of cc lies over /?. But by Lemma 3.1 some constituent of [” is 
in (bHN)G = bG. Thus b” lies over /J. 
Finally, we can assume HN = G. Now O,,(H) N 4 HN = G and so 
O,.(H) s N hence C = O,,(H). Since c1 is an H-invariant character of C, 
Lemma 2.6 tells us that b has maximal defect. Therefore Theorem 2.14 gives 
us [ E b with p’ degree. Since 1 G : HJ = 1 HN : HI is p’, we see cc also has p’ 
degree. Write 
lG=Ca,x, 
where x ranges over Irr(G). Then we compute 
1 
=~(1) C a,x(l). 
x~Irr(GlB) 
On the other hand, since c1 is H-invariant, we have cc = ecr for some e 
and so 
which is p’ by Theorem 1.3. Since fi( 1) is p’, we see that 
is p’. Now Irr(GlP) is just the p-block bi(H, G) and for BE Blk,(G) with 
B# b’, Lemma 3.1 implies that 
C a,x(l) 
XEB 
is divisible by p. Therefore we must have bG = Irr(G 1 fi) = bi(H, G) as 
desired. 1 
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Since we have shown that i(H, G) agrees with Brauer’s block induction 
when both are defined we will drop the notation i(ZZ, G) and just write b” 
for bi(H, G). 
We wish to note that any defect group of a block b is contained in some 
defect group of bG. This is true since if bG lies over a G-invariant character 
of O,,(G), then the defect groups of bG are Hall z-subgroups of G and 
otherwise we can induct on the order of G. 
We now specialize to the case H = N,(D) and work toward a version of 
Brauer’s first main theorem for n-blocks. 
(3.3) DEFINITION. Suppose that BE Blk,(G) with defect group D and 
let N= O,.(G). Then B lies over some G-orbit (f3,, . . . . (3,) in Irr(N). By the 
definition of defect group we can choose 19, in this orbit so that if T= Zo(Oi) 
and B c @, B’ E Blk,( T), then D is a defect group for B’. In this case we say 
that D arises (as a defect group of B) from 13~. 
(3.4) LEMMA. Let B, D, and N be as in Definition 3.3. Suppose D arises 
from 8 E Irr(N) and also from 8? E Irr(N). Then g = Oy for some y E N,(D). 
Proof: Since each of 8 and 8 lie under B, we have 8 = tP for some g E G. 
Let T = IJo). Then Tg = I&) and if B corresponds to b E Blk,( T), then 
B = Bg correspond to bR. The fact that D arises from $ tells us that D is 
a defect group for bg and so Dgm ’ is a defect group for b. On the other 
hand, since D arises from 0, we have D is a defect group of b also. There- 
fore, D and Dg-’ are conjugate in T, say Dg-’ = D’. Then ,v = tg E N,(D) 
and eI.=fp=fp=?j. 1 
The next theorem provides half of the first main theorem for z-blocks. 
(3.5) THEOREM. Let D c G be a n-subgroup and H = N,(D). Zf B is a 
block of G with defect group D, then there is exactly one block b of H with 
bG=B. 
Note. Since D u H, Lemma 2.3 implies that D is contained in any 
defect group of any block of H. However, if b is a block of H with bG = B 
then, as discussed earlier, any defect group of b lies in some defect of B. 
Thus the above setting forces b to have D as its only defect group. 
Proof: Let N= O,.(G) and C = H n N. Choose p E Irr(N) such that D 
arises from b. Then p is D-invariant and so we have fl~( N, D) = LX E Irr( C). 
First, if b is any block of H such that bG = B, then we claim that b lies 
over LX. To see this let b be such a block and suppose that b lies over 
y E Irr( C). Then we have 6 E Irr,(N) with y = &r(N, D) and we will show 
that D arises as a defect group of B from 6. In other words, let S = Z,(6) 
and Be, B’ E Blk,(S). We wish to show that D is a defect group of B’. By 
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Corollary 2.8 and our opening note, D is a defect group of b’ where 
b ty b’ E Blk,(Sn H) and (b’)S = B’, hence D is contained in some defect 
group of B’. Since B’ -+ B implies that the defect groups of B’ are conjugate 
to D, we have that D is a defect group of B’. Therefore D arises from 6 
and Lemma 3.4 implies that B and 6 are H-conjugate and so CI and y are 
H-conjugate. In particular, GL must lie under b as claimed. Hence in looking 
at blocks of H which induce to B, we need only consider blocks which lie 
over CI. 
Let T= Z,(p). If T= G then D is a block of maximal defect and so 
DE Hall,(G). Now O,(H) centralizes D and so by Lemma 1.2.3. of [4], 
O,.(H) 5 O,.(G) and it follows that C= O,.(H). Since B is invariant in G, 
the character c1 is invariant in H and so H has a single n-block b over LX. 
But now bG lies over /? and B is the unique rc-block of G over /?, hence 
bG= B. 
On the other hand, suppose that T< G. Then if b is any n-block of H 
over ~1, we have B’ with 
B ‘B B’ E Blk,( T) 
and b’ with 
b ‘a 6’ E Blk,( Tn H), 
and furthermore bG = B if and only if (b’)T= B’. However, since D arises 
from /?, the block B’ has defect group D. Also Tn H = N,(D), hence by 
induction there is a unique block of T n H which induces to B’. Considera- 
tion of the underlying character correspondences hows that this block 
must lie over CI and so it corresponds to the desired block of H. 1 
We need the following lemmas for the next theorem. The first one is just 
a generalization of Thompson’s P x Q theorem and the proof is the same, 
but we include it since it is short. 
(3.6) LEMMA. Suppose D x U acts on a n-group P where D is a x-group 
and U is a n’-group. Further assume that [P, D, D, . . . . D] = 1 for some 
number of D’s and that C,(D) E C,(U). Then C,(U) = P. 
Proof: We may assume that P > 1. By the hypotheses, we must have 
[P, D] < P. Now D x U acts on [P, D] and the centralizer conditions 
are true; hence, by induction on IPJ, we have [P, D, U] = 1. Also 
[D, U, P] = 1 and so by the three subgroups lemma, [U, P, D] = 1. 
Therefore 
CP, VI G C,(D) c CA U) 
and so [P, U, U] = 1. But ([PI, IUl)= 1, hence [P, U] = 1 as claimed. 1 
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(3.7) LEMMA. Let D be a n-subgroup of G and HE G with 
DC,(D) E H 5 N,(D). Suppose that G has nilpotent Hall z-subgroups. Then 
O,.(H) = O,(G) n H. 
Proof Let N = O,(G) and use overbar to denote the quotient map 
from G to G = G/N. Let O= O,.(R) and P = O,(G). Now D 4 H implies 
that D x Us R and so D x 0 acts on P. Since Co(D) c H and 
(ID\, iNI)= we have C,(D)cPnnRCC,(t?). Also m is a rr-subgroup - - 
and so the nilpotence of Hall n-subgroups implies that [P, D, . . . . D] = 1. 
Therefore, Lemma 3.6 gives us U= C,(P) which is contained in P by 
Lemma 1.2.3 of [4] and so B= 1. Consequently O,(H) E N which implies 
that O,(H)=HnN. 1 
In fact, the first main theorem in its most obvious form for n-blocks is 
not true (see Example 3.11). However, if we assume that the Hall n-sub- 
groups of G are nilpotent then the theorem holds. 
(3.8) THEOREM. Let D be a n-subgroup of G and H= N,(D). Suppose 
that the Hall rc-subgroups of G are nilpotent. Then if b E Blk,( H) has defect 
group D, then D is also a defect group for bG. 
Proof. Let b E Blk(H) with defect group D and let N = O,.(G) and 
C= H n N. Note that Lemma 3.7 applies and so C= O,.(H). As usual we 
can choose ~1 E Irr(C) lying under b and fl E Irr,(N) with CI = @(N, D) and 
let T= Z&3). 
If T = G then a is invariant in H and so b is a block of maximal defect 
which means that D E Hall,(H). But since the Hall rc-subgroups of G are 
nilpotent and H = No(D), we must have DE Hall,(G). Since bG lies over 
the G-invariant character b, D is a defect group for bo. 
Hence we suppose that T< G. Then b ca b’ E Blk,( Tn H) and D is a 
defect group for b’ (by Corollary 2.8). By induction, the block btT has 
defect group D and since blT corresponds to bG over fi, we have that D is 
a defect group for bG. 1 
(3.9) COROLLARY (First Main Theorem). Let D be a n-subgroup of G. 
Suppose that the Hall x-subgroups of G are nilpotent. Then the map b + bc 
gives a bijection from 
(b E Blk,(NG(D)) 1 b has defect group D} 
to 
(BE Blk,(G) ( B has defect group D}. 
Proof If Blk,(N,(D)) has defect group D, then Theorem 3.8 tells us 
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that bG has defect group D, hence we have a map into the stated set. Now 
Theorem 3.5 tells us that it is l-l and onto. 1 
The following theorem provides some justification for the nilpotent 
hypothesis in the last result. 
(3.10) THEOREM. Suppose that for every n-subgroup D c G, block induc- 
tion defines a bijection from the blocks of H = N,(D) with defect group D 
to the blocks of G with defect group D. Then the Hall rc-subgroups of G are 
nilpotent. 
Proof: Let D and H be as in the statement and suppose D E Hall,(H). 
We wish to show that D E Hall,(G). Let b E Blk,(H) be the principal block. 
Then b has defect group D and so the hypotheses imply that bG has defect 
group D. On the other hand, we claim bG is the principal block of G. 
To see this let N = O,.(G) and C = Hn N. Then 1 c lies under b and 
l,= l,rr(N, D). Since 1, is invariant in G, the block bG is the unique 
n-block of G lying over 1,. In other words, bG is the principal block and 
so D E Hall,(G). 
It follow that normalizers grow within Hall rr-subgroups of G and so 
they are nilpotent. 1 
We close this chapter with an example which illustrates some of the 
behavior that can occur. 
(3.11) EXAMPLE. There exists a solvable group G with a z-subgroup D 
such that the number of n-blocks of G with defect group D is not equal to 
the number of rr-blocks of N,(D) with defect group D. Of course, the Hall 
n-subgroups of G are not nilpotent. 
Proof: Let S, act on 2, x Z, x Z, by permuting the three factors and 
let G be the semi-direct product. Also let n = { 2, 3 > and D E SylJG). Now 
the rr-blocks of G are in l-l correspondence with the G-orbits of Irr(N) 
where N = O,(G). That is, each orbit lies under a unique n-block. There 
are 35 G-orbits: 5 of the form { 2 x 1 x A} for some 2 E Irr(Z,), 20 of the 
form (2 ~2x6, 2x6 x2, 6 x1x II}, and 10 orbits of size 6 with repre- 
sentatives of the form 2 x S x p. Of these 35 x-blocks, D is a defect group 
for the 20 blocks corresponding to the second type of orbit. 
However, N,(D)= D x 2, x Z, (one of these Z,‘s is a diagonal copy) 
which has 25 rc-blocks all of maximal defect. Since DE Hall,(N,(D)), we 
see that all 25 blocks have D as a defect group. 1 
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4. BRAUER'S MAIN THEOREMS 
We have already discussed the first main theorem in Chapter 3. Now we 
wish to consider the second and third main theorems. 
The third main theorem describes induction of specific blocks-what 
types of blocks can be induced to certain types of blocks-and can be 
generalized in many directions. In the current work we will only consider 
a very special form dealing with behavior related to the principal block. We 
would like to show that if bG is defined, then bG is the principal block if 
and only if b is. Unfortunately, this is false. The following example is also 
mentioned in Robinson [S]. 
(4.1) EXAMPLE. There exists a solvable group in which a non-principal 
n-block of a subgroup induces to the principal block of the whole group. 
Proof. Consider the faithful action of the cyclic group Z, of order 6 on 
the cyclic group Z, of order 7 and let G be the semi-direct product Z, x Z,. 
Let rr = {2,7}, and DE Syl,(G). Then H= N,(D) z Z6. 
Since O,.(G) is trivial, G has a single n-block. But H has three rr-blocks 
each of which induces to G. In particular, a non-principal block of H must 
induce to the principal block of G. 1 
As in the case of the first main theorem, the assumption that G has 
nilpotent Hall n-subgroups makes everything work out. 
(4.2) LEMMA. Let D G G be a n-subgroup and H s G with DC,(D) E 
H c N,(D). Suppose that the Hall x-subgroups of G are nilpotent. Then for 
b E Blk,(H), bG is the principal block of G if and only if b is the principal 
block of H. 
Note. If b is the principal block, then in any n-separable group bG is 
also principal. The nilpotence hypothesis is needed for the other direction. 
Proof: Let N = O,(G) and C = H n N. 
Suppose b is the principal block of H. We wish to show that bc is the 
principal block. But we can choose 1 c under b and 1 c = l,n(N, D) hence 
bG lies over 1, and so is principal. As noted, this direction did not require 
the nilpotence hypothesis. 
Now suppose that bc is the principal block. If we choose c1 E Irr(C) 
under b and /I E Irr,(N) with c1= firc(N, D) then p must lie under bG. But 
the only irreducible character of N which lies under the principal block 
is 1,. Hence fl= 1 N and so c( = @(N, D) = 1 c. Now by Lemma 3.7, 
C= O,.(H) and so b must be the principal block of H by [I, 2.81. 1 
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We now turn to the second main theorem. In [S], Iizuka defines 
@-blocks and discusses a version of Brauer’s second main theorem which 
is, for instance, enough to prove block orthogonality. He also mentions 
without details that this may be extended to a notion of rc-blocks (as we 
discussed in [I]). Of course, without “R-Brauer characters” he was unable 
to state a direct generalization of the second main theorem. Nonetheless, in 
the current setting such a statement may be made and Iizuka’s approach 
of working down to the centralizer one prime at a time is effective. 
Given a n-element z E G we can construct generalized decomposition 
numbers precisely as in the classical case. That is, let C = C,(z) and 
x E Irr(G). Then we can write xc as a linear combination of irreducible 
characters of C, 
In particular, if y is a rc’-element of C, then 
Since z is central in C, we have B(zy) = o@(z) e(y). Furthermore, since y is 
a n’-element, we can write 
where 4 runs over B,(C) on the &-elements of C, to obtain the following. 
(4.3) DEFINITION. Let z be a n-element of G and C= C,(z). Then 
for XE Irr(G) there are unique algebraic integers d& such that for any 
rc’-element y E C, we have 
where the sum runs over 4~ B,.(C). These numbers dz4 are called 
generalized decomposition numbers. 
Our goal will be to show that this sum in fact involves only characters 
of blocks b such that bc contains x. Unlike most theorems in this paper, 
we will rely on the classical case (7~ = {p}) of this theorem rather than 
producing a new proof for p-blocks. 
Our approach will be to work down a chain of subgroups one prime at 
a time. To explain this idea in more detail, let z E G be a n-element and 
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suppose n = { pI, p2, . . . . p,} (we can assume rr is finite by including only 
those primes which occur in ICI). Then we can write 
where each zi is a pi-element and the zi commute with each other. In fact, 
the zi are uniquely determined by these conditions. Now we have the 
subgroups 
C, 
where Ci is the centralizer in G of zi z2 . . . zi. Therefore, C, is the centralizer 
of z, in C,-, . Since z, is a p,-element of CiP i, we can use the second main 
theorem for p,-blocks to provide information about pi-blocks inducing 
from Ci to CiP,. Lemma 4.6 then relates this to our n-block induction. We 
might mention here that Iizuka defined a version of n-block inducing in 
this setting [S] as follows: 
Let b E Blk,(C) and bi E Blk,(Ci) such that 
(1) b, is contained in b, 
(2) b?- ’ and bid, lie in the same rc-block of C, _ , for i = 2, . . . . r, and 
(3) by is in some n-block B of G. 
Then B depends only upon b and Iizuka says B is “determined by” b. We 
will show that B = bc and so provide a new proof that Iizuka’s construc- 
tion is well-defined. 
This first lemma checks a technical detail. 
(4.4) LEMMA. Let D be a x-subgroup of G and HS G with DC,(D) c 
H s N,(D) and suppose b E Blk,(H). LetMd G be a $-subgroup and 
choose CI E Irr(Mn H) under b. Then Mn H = C,(D) and so we have 
j3 E Ii-r,(M) with tl = Pz(M, D). In this setting, bG lies over fi. 
Proof Let N = O,.(G). Then MC N and so we can choose 
y E Irr(N n H) such that y lies under b and over CI. Since Nn H = C,(D), 
we have 6 E Irr,(N) with y = &c(N, D) and by the construction of bG, the 
block bG lies over 6. But since y lies over a, Lemma 1.4 te!ls us that 6 lies 
over 8. Hence bc lies over 8. @ 
The next lemma is a general fact about the Glauberman character 
correspondence. It is probably still true without the assumption that D is 
solvable but this case is easier to handle and we will in fact only need the 
case where D is cyclic. 
(4.5) LEMMA. Let a solvable group D act on a group N with 
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(IDI, INI)= 1 and let C=C,(D). Suppose MaN admits D and that 
BE Irr,(M) and set a = /?z(M, D). Further, let S = Z,,,(p) and suppose that 
9 E Irr,(N) lies over fi and 6 E Irr(S) is the unique character of S over /? with 
dN = 8. Let y = &z(S, D) and 4 = &c(N, D). Then 
(a) Sn C=Z,(a) 
(b) y lies over a 
(cl f=d. 
Proof: For (a) note that conjugation by elements of C commutes with 
the action of D and so respects the character correspondence. Thus an 
element of C leaves c1 invariant if and only if it leaves B invariant and so 
we have S n C = Z=(a). Part (b) is just Lemma 1.4. 
Now suppose D is a p-group. We wish to show that yc has p’ multiplicity 
in Bc. (See Scheme 4.) Since 
it is sufficient to show that y has p’ multiplicity in (!I,,,. We can write 
where U, is the set of D-invariant characters of S and U, is the rest. If 
XE U, and y happens to be a constituent of xCnS, then y will be a 
constituent with the same multiplicity of every D-conjugate of x. Since the 
size of the D-orbit of x is divisible by p, we see that y lies under the right 
hand sum with multiplicity divisible by p. But each character x in U, has 
a unique constituent of p’ multiplicity when restricted to Cn S, namely 
xrr(S, D). Thus y occurs with p’ multiplicity in Jcns but not in any other 
xCnS where XE U,. Also a, = [O,, S] = 1, hence y has p’ multiplicity in 
e c n s as claimed. 
SCHEME 4 
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If D is a not a p-group, then we can choose K 4 D with 1 # K # D and 
Theorem 1.3~ tells us that the character correspondence with respect o D 
is simply that of K followed by that of D/K. Let a’ = /?x(M, K) and 
y’ = 6n(S, K). Then by induction on 1 DJ, 
(y’)QCK) = &c(N, K). 
But u = cr’n(C,(K), D/K) and y = y’z(C,(K), D/K) as mentioned above 
and 
(y’)CN’K’ EIrr,,,( C,(K)) 
lies over a’. Thus again by induction we see that 
yc = (y’)CN’K)n(C,(K), D/K) 
=04X K) 4C,vW), D/K) 
= &c(N, D) 
= 4 
and we are done. 1 
The next theorem generalizes the construction involved in n-block induc- 
tion by saying that we can sometimes work over subgroups other than 
O,.(G). The solvability hypothesis comes directly from Lemma 4.5 and is 
again sufficient for our needs here. 
(4.6) THEOREM. Let DE G be a solvable n-subgroup and DC,(D) G 
H s N,(D) with b E Blk,(H). Suppose M 4 G is a n’mbgroup and choose 
CI E Irr(H n M) under b. Let b’ E Blk,(Z,(a)) such that 
Also take BE Irr,(M) with tl= bn(M, D) and set T= Z,(B). Then 
(a) Tn H= ZH(a) 
(b) (b’)T is defined and lies over /3 
(c) (b’)T-B bc. 
Proof: Since H normalizes D and u and p determine each other with 
respect o D, part (a) is immediate. Hence b’ is a block of Tn H. Further- 
more, D E T and DC,(D) E T n H s N,(D) and so (b’)T is defined. By 
Lemma 4.4, the block (b’)T lies over /I; therefore we have part (b). 
Let N = O,.(G) and choose 0 E Irr(Nn H), where q5 lies under b and 
over CI, and let 0~Irr,(N) with d= &c(N, D). Note that by Lemma 1.4, 
481/124/I-17 
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0 lies over p. Since Tn N= Z,(p) it follows that there is a unique 
6 E Irr( Tn N( p) such that 6” = 19 and this 6 is D-invariant since it is deter- 
mined by p and 8 (each of which is D-invariant). Now let y = 6n( Tn N, D) 
and note that by Lemma 4.5, y lies over a and yHnN = 4. We now divide 
into two cases. 
Case 1. Suppose that 0 is G-invariant. In this case b” is the unique 
block of G over 8. Hence, let x E (b’)T and we wish to show that xc lies 
over 0. Since 9 is invariant in G and lies over 8, we have G = NT. Therefore 
(XG)N = (XTnNIN 
and so it suffices to show that x lies over 6. (See Scheme 5.) 
Now the fact that NT= G implies that Tn N= O,(T) and so by the 
definition of block induction, (b’)’ lies over 6 if and only if b’ lies over y. 
Since x E (b’)’ it will follow that x lies over 6 if we can show that b’ lies 
over y. Hence if we choose $ E b’ we have reduced the proof of part (c) to 
showing that $ lies over y. Now 4 is H-invariant and lies over GI, hence 
H=Z,(a)(Hn N) 
= (Tn H)(Hn N). 
Consequently we have 
SCHEME 5 
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Now by the definition of b’, we have I/J” E b and the invariance of 8 in G 
forces 4 to be invariant in H. Hence rj” lies over 4 and so 
q5c($ )HnN. HnTnN 
But +H~M is a multiple of a and so we must have 
by the uniqueness of y. This says that $ lies over y as desired. 
Case 2. Let J= 1,(O) and suppose that J < G. In this case 
HnJ=Z,(d) and 
b-u 4 
for some u E Blk,( H n J). In particular, u lies over 4 which lies over a and 
Hn Tn J= IHnJ(a), hence we have 
u yu’EBlk,(Hn Tn J) 
for some block u’. The proof of Case 2 will proceed as follows. (See 
Scheme 6.) 
HnTnN 
HnM 
SCHEME 6 
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We know that 
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u’y+ 24 
and 
We will show that 
and since 
u’ T 6’ 
b’? b 
this will establish a sort of commuting diagram within H. We will then lift 
the first three sides of this diagram to the corresponding objects in G and 
thus the fourth side will lift giving us the theorem. 
Step 1. u’ jy b’. 
Proof. Choose [E u’. Then [ HnJ is irreducible and lies in u and so 
is irreducible and lies in b. Since 
(i HnT)H=cH 
we see that [ Hn ’ is an irreducible character of H n T which lies over c1 and 
induces to a character in b. Hence IHAT lies in b’. 
To complete this step, we need to show that i lies over y. Now 4 is 
invariant in HnJ and lies over CI and so HnJ=(HnTnJ)(HnN). 
Furthermore, every character in u lies over 4, hence 
4 c (iHnJ)HnN = (i”n TnNIHnN. 
Since every constituent of rHn Tn N lies over c(, we must have 
YGi HnTnN’ 
by the uniqueness of y. Therefore 
u’ T b’. 
Step 2. (z/)~~~ -+B d. 
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Proof: This is just the statement hat 
U’T u 
combined with an inductive application of the theorem within J. To check 
the hypotheses note that D E J and thus 
DC,(D)cHnJsN,(D) 
and M -=I J is a rr’-subgroup. Also a lies under u and U’ E Blk,(Z, nJ(a)) and 
T n .Z = ZJfl). Thus by induction 
(uyTnJ 7 d. 
Step 3. (u’)~~~+~ (!T’)~. 
Proof: This will follow from step 1 by induction applied with T. Note 
that we may assume T-c G since the theorem is trivial if T= G. We have 
DC,(D) L H n Tc N,(D) 
and Tn N is a normal +-subgroup of T. Now y E Irr(H n Tn N) lies under 
b’ and by step 1, 
u’ T b’. 
In particular, U’E Blk,(Z,,,.(y)). Also 6 is determined by p and 8 so 
T n J = IT(d). Consequently, induction gives us 
(U’)TnJ -p (b’)T. 
Step 4. (b’)= +B bG and so the theorem is proved. 
Proof. First note that 
z.++ bc 
by the definition of bG. Thus if we take I/I E (u’)=~~, then by step 2, 
tJbJEllJ 
and so 
I)” = (I)“)” E bG. 
But by step 3, I++’ lies in (b’)T and 
($‘)“=II/“~bG, 
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hence 
(b’)=-+ b”. I 
It would be very nice to have a transitivity property for our x-block 
induction. In other words if b E Blk,(H) with H c K E G and if b” and bc 
and (bK)G were all defined we would like to know that (bK)’ = be. Unfor- 
tunately, proving this under reasonably general hypotheses seems to 
require a better understanding of the Glauberman-Isaacs-Wolf character 
correspondence than is currently available. However we can prove a 
restricted version of this theorem which is sufficient for our current needs. 
(4.7) THEOREM. Let z E G be a x-element and write C= C,(z) and 
C, = C,(z,), where zp denotes the p-part of z and p is some prime in 7~. 
Suppose b E Blk,( C). Then 
(b”)‘= bG. 
Note. Each of C and C, is a centralizer of an abelian x-subgroup and 
so any of their n-blocks induce as in Section 3. In particular, each of the 
blocks in the conclusion of this theorem is defined. 
Prooj Let N= O,(G) and K, = C, n N and K= Cn N. (See 
Scheme 7.) Choose c( E Irr(K) under b. Then we have a, E Irr(K,) with 
~~=a,z(K,r (z>). 
Furthermore, we have fl E Irr(N) with 
and by Theorem 1.3 
~1 =BdN, (z,>) 
a = PW <z > ). 
Also note that by Lemma 4.4, the block bc’ lies over cx,. 
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If fi is invariant in G, then 
b” = Irr(G / p) = (bC1)‘, 
On the other hand, if T = Z,(p) < G, then z E T and we have b’ with 
b ‘a b’ E Blk,( T n C), 
hence by induction on (GI, 
((b’)TrrC’)T= (b’)‘. 
Now Tn C, = Z,,(a,) and b’ -+z b, hence by Theorem 4.6 
(b’)TnCI y b“‘. 
But this implies that 
((b’)TnC1)TT (b”)” 
by the definition of (b”)“. Since 
(b’)TT bG 
and 
we must have 
(b’)T= ((b’)TnC’)T, 
(@I)” = bG. I 
The next lemma provides the link between p-block induction and 
n-block induction. We recall from [l] that if u is a p-block of G for some 
prime p E rc, then u is entirely contained in some n-block of G. 
(4.8) LEMMA. Let ZE G be a p-element for some p E 7~ and C= C,(z). 
Suppose b E Blk,(C) and u E Blk,(C) with u 5 b. Then bG and uG are defined 
and 
uG E bG. 
Note. If G is not p-solvable, the block uG is defined as by Brauer. 
Proof. Let N = O,(G). Choose c1 E Irr(Cn N) under. b, and let 
pt-Irr(N) such that a=/!rr(N, (z)). 
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If T= Z&l) < G, then we have 
b ‘a 6’ E Blk,( Tn C) 
and 
u ‘a U’ E Blk,( T n C), 
where this last fact follows from Lemma 2A of [2] and necessarily, U’ s 6’. 
Hence by induction on IGI, 
(u’)‘~ (b’)? 
Now the characters of (u’)~ induce irreducibly to G and so lie in 
((U’)yG= (U’)G= ((U’)C)G= UC, 
and so 
Since we also have 
it follows that uG E bG. 
On the other hand, suppose that /? is G-invariant. Then if NC< G, we 
can apply induction to get 
and in particular, uNC lies over /3. Hence if IKE aNC, then since /I is 
G-invariant, every constituent of 0G lies over /I. However, by the remark 
following Lemma 3.1, some irreducible constituent of eG lies in uG. There- 
fore uG has at least one character in Irr(G 1 p) = bG. Since bc is a union of 
p-blocks (by [I]) this forces U’S bG. 
Therefore we may assume that NC = G. Now take i E b and write 
where x runs over Irr(G). Then precisely as in the proof of Theorem 3.2 we 
find 
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and 
CC nN,P CnN l=%a P 1 a(1) ’ CnN . 
Consequently, 
= (G : Cl ~$1) “;^; ‘-;’ 
4 CnN 
IG : Cl cc(l) 
= cm, P CnNl p(l) xEIrr(G,/3) “‘(‘). 
c 
Since each of the terms in front of the sum on this line is a $-number, we 
find that the p-part of iG( 1) equals the p-part of 
,dL axx(l). 
Also, Irr(G I /I) = bG is a union of p-blocks, hence by Lemma 3.1 the block 
uG must lie in bG. 1 
One interesting consequence of Theorem 4.7 and Lemma 4.8 is that if 
notation is as in Theorem 4.7 then bG = BE Blk,(G) precisely if B is deter- 
mined by b in Iizuka’s sense. Thus not only do our rc-blocks agree with 
Iizuka’s in n-separable groups, but our notion of block induction agrees as 
well. 
Each of Iizuka [S] and Robinson [8] has proved a version of the second 
main theorem for rc-blocks. In fact, since Robinson’s notion of domination 
agrees with our x-block induction, the next theorem follows from his work. 
Nonetheless, we include a proof from the current viewpoint. 
(4.9) THEOREM (Second Main Theorem). Let ZE G be a z-element, 
C = C,(z) with 4 E B,,(C), and x E Irr(G). Suppose q3 lies in the x-block b and 
I$ bG. Then di, = 0. 
Proof. We will induct on the number of primes in the order of z. If z 
involves no primes, then z = 1 and the theorem is just a statement about 
ordinary decomposition numbers, hence true. 
Choose p a prime which divides the order of z and let C1 = C,(z,). Let 
y be a xl-element of C and let UE Blk,(G) be the p-block containing x. 
Then by the second main theorem for p-blocks, we have 
x(v) = X(ZpZp~Y) = c do&,, Y). 
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Now C = C,,(z,,) and the order of zP. involves one fewer prime, hence by 
induction we have 
0 l E,,(C) 
OE bs Blk,(C) 
withb’l = bl 
where [ is a BP.-character of C, which lies in some p-block u and b, is the 
rc-block containing U. Note that we can write the last condition in the latter 
sum as ucbC1 and so we can combine the above to get 
x(v)= c d$ 1 d;pdeW 
i E Bp$Ct ) @E&(C) 
<EUEBI~~(C,) BEbeBlk,(C) 
wIthuG= U usbcl 
Now if b E Blk,(C) occurs in the inner sum, then there is a block 
u~Blk,(C,) with uG= U and UC b (‘I. If we write B for the n-block of G 
which contains x, then U c B and so by Lemma 4.8 
(bC’)G = B. 
However, by Theorem 4.7, we have 
bG = (bc’)G = B, 
hence we have I expressed as a linear combination of O(y) for various 
8 which are B,,-characters in blocks of C which induce to B. In particular, 
if 4 E B,,(C) with 4 E b E Blk,(C) and x 4 bG, then the uniqueness of the 
generalized decomposition numbers implies that dk = 0. 
Note that this result can be written in the form we used above, that is 
BE B,,(C) 
qSebtB:kn(C) 
withb”= E 
for all 7r’-elements y E C. fi 
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